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ON UNIFORMLY CONTINUOUS MAPS BETWEEN
FUNCTION SPACES
RAFA L GO´RAK, MIKO LAJ KRUPSKI, AND WITOLD MARCISZEWSKI
Abstract. In this paper we develop a technique of constructing uni-
formly continuous maps between function spaces Cp(X) endowed with
the pointwise topology. We prove that if a space X is compact metrizable
and strongly countable-dimensional, then there exists a uniformly contin-
uous surjection from Cp([0, 1]) onto Cp(X). We provide a partial result
concerning the reverse implication. We also show that, for every infinite
Polish zero-dimensional space X , the spaces Cp(X) and Cp(X)× Cp(X)
are uniformly homeomorphic. This partially answers two questions posed
by Krupski and Marciszewski.
1. Introduction
For a Tychonoff space X , by Cp(X) we denote the space of all continuous
real-valued functions on X endowed with the pointwise topology.
This paper contributes to the study of uniformly continuous maps between
function spaces. Let us recall that that a map ϕ : Cp(X) → Cp(Y ) is
uniformly continuous if for each open neighborhood U of the zero function
in Cp(Y ), there is and open neighborhood V of the zero function in Cp(X)
such that (f − g) ∈ V implies (ϕ(f) − ϕ(g)) ∈ U . Building on a work of
Gul’ko [10] and Go´rak [11] we further develop a technique of constructing
uniformly continuous maps between function spaces. We shall apply this
technique in two rather different contexts:
1. To show that for any compact metrizable and strongly countable-dimensional
space X , there is a uniformly continuous surjection from Cp([0, 1]) onto
Cp(X)
2. To prove that for every infinite Polish zero-dimensional space X , the
spaces Cp(X) and Cp(X)× Cp(X) are uniformly homeomorphic.
It seems in place to present here some motivations of our work.
2010 Mathematics Subject Classification. 54C35.
Key words and phrases. Function spaces; Pointwise topology; Uniform homeomor-
phisms; Cp(X) space.
1
2 R. GO´RAK, M. KRUPSKI, AND W. MARCISZEWSKI
After Pestov [19] proved that dimX = dimY provided Cp(X) and Cp(Y )
are linearly homeomorphic a natural problem arose whether the dimension
of a space can be raised by continuous linear surjections of function spaces.
Leiderman, Morris and Pestov [14] answered this question by showing that
for any compact metrizable finite-dimensional space X , the space Cp(X)
is a linear continuous image of Cp([0, 1]) (this result was strengthened by
Levin who proved in [15] that under the same assumptions Cp(X) is even
an open linear continuous image of Cp([0, 1])). Levin and Sternfeld noticed
that there are also infinite-dimensional spaces X , for which Cp(X) is a lin-
ear continuous image of Cp([0, 1]) (see [14, Remark 4.6]) and the problem
of characterizing spaces X for which Cp(X) is a linear continuous image of
Cp([0, 1]) remains open (see [15, Problem 4.4]). Of course, the assumption
that Cp(X) is a linear continuous image of Cp([0, 1]) imposes some restric-
tions on the space X . Namely, X has to be compact metrizable and strongly
countable-dimensional 1 (see, e.g. [8]). As observed by Gartside and Feng
[8] strongly countable-dimensional metrizable compacta stratify by fd-height
(see Definition 2.15 below): To every strongly countable-dimensional metriz-
able compactum X one can assign a countable ordinal (the fd-height of X)
which is equal to 1 if X is finite-dimensional. Gartside and Feng improved
Leiderman-Morris-Pestov theorem by showing that Cp(X) is a linear contin-
uous image of Cp([0, 1]) if X is compact metrizable and has finite fd-height
(see [8, Theorem 1]). Their proof proceeds by induction on fd-height. How-
ever, certain constants involved in the inductive construction, that control
norms of linear maps, prevent it going transfinitely.
In this paper we show that this problem disappears for uniformly con-
tinuous surjections, i.e. for any compact metrizable strongly countable-
dimensionalX , the space Cp(X) is a uniformly continuous image of Cp([0, 1]).
We also provide a partial result concerning the reverse implication (see The-
orem 4.2 below).
The problem whether, for “sufficiently nice” X , the space Cp(X) is (lin-
early/uniformly) homeomorphic to its square Cp(X) × Cp(X) has a long
history and, usually, it is not easy to settle, cf. [16, page 361], [12]. It
was shown by Arhangel’skii [2], Baars and de Groot [4] that for an infinite
Polish zero-dimensional space X which is either compact or not σ-compact,
1A normal space X is strongly countable-dimensional if X can be represented as a
countable union of closed finite-dimensional subspaces.
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the space Cp(X) is linearly homeomorphic to Cp(X)× Cp(X). Thus, a nat-
ural question arises (see [12, Question 5.8]): Suppose that X is an infinite
Polish zero-dimensional σ-compact space. Is it true that Cp(X) is (linearly)
homeomorphic to Cp(X)×Cp(X)? We shall give the affirmative answer for
uniform homeomorphisms, see Theorem 6.1 below (the question for linear
homeomorphisms remains open). As a corollary we get a partial (affirma-
tive) answer to [12, Question 5.7], i.e. we show that for an infinite countable
metrizable space X , the spaces Cp(X) and Cp(X) × Cp(X) are uniformly
homeomorphic.
The paper is organized as follows. Section 2 introduces basic notation
and contains some auxiliary results whose proofs are either straightforward
or are known - the interested reader should consult the papers [8] and [11].
In Section 3 we show that if X is a compact metrizable space and Cp(Y )
is a uniformly continuous image of Cp(X) then Y is compact metrizable
too. This result was known before and easily follows from a theorem of
Uspenskii [20, Proposition 2]. However, the proof which we give is new.
In Section 4 we discuss the following problem: Suppose that X is compact
metrizable and strongly countable-dimensional. Is it true that Y is strongly
countable-dimensional provided Cp(Y ) is a uniformly continuous image of
Cp(X)? We prove that the answer is “yes” if a uniformly continuous map
satisfies an additional condition. Section 5 contains a proof of one of the
main results of the paper which in particular says that for any compact
metrizable strongly countable-dimensional space X , the space Cp(X) is a
uniformly continuous image of Cp([0, 1]). The last, Section 6 is devoted
to the study of uniform homeomorphisms between Cp(X) and its square
Cp(X)× Cp(X), for an infinite Polish zero-dimensional space X .
2. Preliminary facts and definitions
We denote the unit interval [0, 1] by I. We say that a space Y is u-
dominated byX , if there exists a uniformly continuous surjection ϕ : Cp(X)→
Cp(Y ).
Since in some parts of our paper we deal with Cp(X) spaces where X is
not compact, we use the notion of extended norm, cf. [5].
Definition 2.1. The extended norm on a linear spaces E is a function
‖.‖ : E → [0,∞] that satisfies properties of the conventional norm:
(i) ∀x ∈ E ‖x‖ = 0 iff x = 0;
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(ii) ∀x ∈ E ∀a ∈ R ‖ax‖ = |a|‖x‖;
(iii) ∀x, y ∈ E ‖x+ y‖ ≤ ‖x‖+ ‖y‖.
In our considerations we set 0 · ∞ = 0.
We will use the following slight modification of the relation introduced in
[11] which was motivated by the work of Gul’ko [10]:
Definition 2.2. Let E and F be linear topological spaces and ‖ · ‖1, ‖ · ‖2
be extended norms, on E and F , respectively, not necessarily related to the
topologies. We write (E, ‖ · ‖1) ≏ (F, ‖ · ‖2) if, for every ε > 0, there exists
a uniform homeomorphism uε : E → F satisfying the following condition:
(aε) (1 + ε)
−1‖f‖1 ≤ ‖uε(f)‖2 ≤ ‖f‖1 for every f ∈ E.
If it is clear which extended norms are considered on E and F we write
E ≏ F .
The next two definitions were motivated by the idea of c-good maps in-
troduced in [8].
Definition 2.3. Let (E, ‖ · ‖1) and (F, ‖ · ‖2) be normed spaces and let c be
a positive number. We say that the map Φ : E → F is c-good if
∀f ∈ F ∃e ∈ E Φ(e) = f and ‖e‖1 ≤ c‖f‖2.
Observe that, by the Closed Graph Theorem, for compact spaces X and
Y , every linear continuous surjection ϕ : Cp(X)→ Cp(Y ) is c-good for some
c > 0.
Definition 2.4. Let E and F be linear topological spaces and ‖ ·‖1, ‖ ·‖2 be
norms, on E and F , respectively, not necessarily related to the topologies.
We write (F, ‖ · ‖2) ≺ (E, ‖ · ‖1) if, for every ε > 0, there exists a uniform
surjection uε : E → F satisfying the following conditions:
(i) ∀e ∈ E ‖uε(e)‖2 ≤ ‖e‖1,
(ii) uε is (1 + ε)-good.
If it is clear which norms are considered on E and F we write F ≺ E.
Let us remark that in this paper we do not need to extend the above
definition for extended norms.
Definition 2.5. Let {Ei : i ∈ I} be a collection of linear topological spaces
and let ‖·‖Ei be extended norm on Ei, not necessarily related to the topology.
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In the product Πi∈IEi we will always consider the standard product topology
and the extended norm ‖ · ‖ : Πi∈IEi → [0,∞] given by:
‖(fi)i∈I‖ = sup
i∈I
‖fi‖Ei .
Definition 2.6. Let (Ei)i∈N, be a sequence of linear topological spaces with
extended norms ‖ · ‖Ei, not necessarily related to the topologies. By Π
∗
i∈NEi
we denote the c0-product of spaces Ei, i.e., a subspace of Πi∈NEi consisting of
sequences (fi)i∈N such that limi→∞ ‖fi‖Ei = 0. The norm and the topology
on Π∗i∈NEi is inherited from Πi∈NEi as declared in Definition 2.5.
The following simple facts will be used extensively throughout the whole
paper:
Fact 2.7. Let E and F be linear topological spaces and ‖ ·‖1, ‖ ·‖2 be norms,
on E and F , respectively, not necessarily related to the topologies. If E ≏ F
then E ≺ F and F ≺ E.
Fact 2.8. Let Ei and Fi, i ∈ I, be linear topological spaces and ‖ · ‖Ei, ‖ · ‖Fi
be extended norms, on Ei and Fi, respectively, not necessarily related to the
topologies. Then
∀i ∈ I Ei ≏ Fi ⇒ Πi∈IEi ≏ Πi∈IFi.
Fact 2.9. Let Ei and Fi, i ∈ N, be linear topological spaces and ‖ · ‖Ei, ‖ · ‖Fi
be extended norms, on Ei and Fi, respectively, not necessarily related to the
topologies. Then
∀i ∈ N Ei ≏ Fi ⇒ Π
∗
i∈NEi ≏ Π
∗
i∈NFi.
Moreover, if ‖ · ‖Ei and ‖ · ‖Fi, i ∈ N, are usual norms then
∀i ∈ N Ei ≺ Fi ⇒ Π
∗
i∈NEi ≺ Π
∗
i∈NFi.
On all subspaces of Cp(X) (X is not necessarily compact) we will always
consider the supremum extended norm. If A is a closed subspace of space
X , then we denote the subspace {f ∈ Cp(X) : f ↾ A ≡ 0} by Cp(X,A).
While the above facts are easy to verify the following ones are more chal-
lenging.
Proposition 2.10 ([11, Proposition 2.13] forX compact). Let A, B be closed
subsets of a metrizable space X such that B ⊂ A. Then
Cp(X,B) ≏ Cp(A,B)× Cp(X,A).
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Although the proof of the above fact is presented in [11], for X compact,
the same proof works also for all metrizable spaces X since the the Dugundji
extension theorem holds for all such spaces. Applying this proposition one
can easily obtain:
Corollary 2.11. For every closed subset A of a metrizable space X we have
Cp(X) ≏ Cp(X,A)×Cp(A). Consequently, Cp(X,A) ≺ Cp(X) and Cp(A) ≺
Cp(X) for X compact.
Repeating the argument from the proof of Corollary 2.15 in [11] one can
show:
Corollary 2.12. Cp(X, x0) ≏ Cp(X) for every x0 ∈ X, where X is nondis-
crete and metrizable.
We will also use another result from [11]:
Fact 2.13. [11, Fact 2.16] Cp(I) ≏ Π
∗
i∈NCp(I).
Another important fact concerning ≺ was proved in [8].
Fact 2.14. [8, Theorem 6] For every n ∈ N, we have Cp(I
n) ≺ Cp(I) and
hence Cp(K) ≺ Cp(I) for every finite dimensional metrizable compactum K.
In paper [8] authors introduce the following notion of fd -derivative and
fd -height:
Definition 2.15. Let X be a topological space. For every ordinal α we
define using transfinite induction the αth fd-derivative X [α]:
(i) X [0] = X
(ii) X [α+1] = X [α] \ I(X [α]), where
I(Y ) =
⋃
{U ⊂ Y : U is open in Y and finite dimensional}
(iii) X [α] =
⋂
β<αX
[β] for α ∈ Lim.
If X [α] = ∅, for some α, then we also define the fd-height of X
fdh(X) = min{α : X [α] = ∅}.
The following fact can be easily deduced from the Baire category theorem:
Fact 2.16. Let K be a metrizable compactum. Then K is strongly countable
dimensional if and only if fdh(K) < ω1.
A useful fact concerning the fd-derivative of a subspace is the following:
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Fact 2.17. For every subset A of the space X, we have A[α] ⊂ X [α] ∩ A.
We will also use another known variation of such topological derivative:
Definition 2.18. Let X be a topological space. For every ordinal α we
define using transfinite induction the αth c-derivative X
[α]
c :
(i) X
[0]
c = X
(ii) X
[α+1]
c = X
[α]
c \ J(X
[α]
c ), where
J(Y ) =
⋃
{U ⊂ Y : U is an open subset of Y with compact closure}
(iii) X
[α]
c =
⋂
β<αX
[β]
c for α ∈ Lim.
As in the previous case, we also define c-height ch(X) = min{α : X
[α]
c = ∅}
for X such that X
[α]
c = ∅ for some α.
Observe that if a space X is zero-dimensional, then we can replace the set
J(Y ) in the above definition by
J ′(Y ) =
⋃
{U ⊂ Y : U is an open and compact subset of Y}.
Again, using the Baire category theorem we can easily obtain
Fact 2.19. If X is a Polish space, then X is σ-compact if and only if ch(X) <
ω1.
For this derivative, we have a weaker counterpart of Fact 2.17:
Fact 2.20. For every closed subset A of the space X, we have A
[α]
c ⊂ X
[α]
c ∩A.
3. Preservation of compactness by u-domination. Gulko’s
support approach.
It was proved by Uspenskii in [20] that if X is pseudocompact and Cp(X)
and Cp(Y ) are uniformly homeomorphic, then Y is pseudocompact too. How-
ever, it follows from [20, Proposition 2] that, in fact, the same assertion is
true if instead of uniform homeomorphism we had a uniformly continuous
surjection from Cp(X) onto Cp(Y ) (see Remark 3.4 below).
In this section we will present a different proof of Uspenskii’s theorem
(see Corollary 3.3 below). Our reasoning is an adaptation of a method used
by Baars [3, Lemma 2.1] and relies on the idea of a support introduced by
Gul’ko [9]. This approach shows a certain similarity between properties of
the Gul’ko support and of the usual notion of support considered in the case
of linear continuous maps between function spaces (see remarks following
Theorem 3.5).
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Let ϕ : Cp(X) → Cp(Y ) be a uniformly continuous surjection. It was
proved by Gul’ko [9] (cf. [17]) that to each point y ∈ Y , we can assign a
(nonempty) finite set K(y) ⊆ X (called the Gul’ko support of y) and a real
number ay such that:
(i) ay = sup{|ϕ(f)(y)− ϕ(g)(y)| : f, g ∈ Cp(X) and ∀x ∈ K(y) |f(x)−
g(x)| < 1}
(ii) If A ( K(y) then for any r > 0 there are f, g ∈ Cp(X) such that
∀x ∈ A |f(x)− g(x)| < 1 and |ϕ(f)(y)− ϕ(g)(y)| > r.
In other words, properties (i) and (ii) say that the set K(y) is the minimal
set (with respect to inclusion) such that
sup{|ϕ(f)(y)−ϕ(g)(y)| : f, g ∈ Cp(X) and ∀x ∈ K(y) |f(x)−g(x)| < 1} <∞.
Since ϕ is a surjection, the set K(y) is nonempty for any y ∈ Y .
Lemma 3.1. Let n ∈ N. If |f(x) − g(x)| < n, for each x ∈ K(y), then
|ϕ(f)(y)− ϕ(g)(y)| ≤ n · ay
Proof. For k ∈ {0, 1, . . . , n}, put fk = f+
k
n
(g−f). Then |fk+1(x)−fk(x)| <
1, for each x ∈ K(y). By property (i) we have |ϕ(fk+1)(y)− ϕ(fk)(y)| ≤ ay.
This gives
|ϕ(f)(y)− ϕ(g)(y)| = |ϕ(f0)(y)− ϕ(fn)(y)| ≤
|ϕ(f0)(y)− ϕ(f1)(y)|+ . . .+ |ϕ(fn−1)(y)− ϕ(fn)(y)| ≤ n · ay

Recall that a subset A of a space X is bounded if for every f ∈ Cp(X),
the set f(A) is bounded in R.
Fact 3.2. Let ϕ : Cp(X) → Cp(Y ) be a uniformly continuous surjection. If
A ⊆ X is bounded, then the set KA = {y ∈ Y : K(y) ⊆ A} is bounded too.
Proof. Without loss of generality, we may assume that ϕ(0) = 0, where 0 is
a constant function equal to zero in the respective space.
Striving for a contradiction, suppose that there is g ∈ Cp(Y ) such that
g(KA) is not bounded in R. Without loss of generality, we can assume that
there is a discrete set {yn : n ∈ N} ⊆ KA such that g(yn) = n. Let h : R→ R
be a continuous function satisfying h(n) = ayn · n. Since ϕ is a surjection,
there is f ∈ Cp(X) with ϕ(f) = h ◦ g, so ϕ(f)(yn) = ayn · n. The set A is
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bounded and thus there is m ∈ N such that f(A) ⊆ (−m,m). Take n > m.
By Lemma 3.1, we have
n · ayn = ϕ(f)(yn) = |ϕ(f)(yn)− ϕ(0)(yn)| ≤ ayn ·m < ayn · n,
a contradiction. 
Corollary 3.3. If ϕ : Cp(X)→ Cp(Y ) is a uniformly continuous surjection
and X is pseudocompact, then Y is pseudocompact.
Remark 3.4. In [20, Proposition 2], Uspenskii proved that a space X is
pseudocompact if and only if Cp(X), as a uniform structure, is σ-precompact.
Now, a uniformly continuous surjection ϕ : Cp(X)→ Cp(Y ) can be extended
to a uniformly continuous function ϕ̂ : RX → RY (see [6, 8.3.10]). If X is
pseudocompact, then there is a σ-compact set Z ⊆ RX with Cp(X) ⊆ Z. The
set ϕ̂(Z) is a σ-compact subset of RY and since ϕ is a surjection, Cp(Y ) ⊆
ϕ̂(Z). This means that Cp(Y ) is σ-precompact and hence by Uspenskii’s
theorem the space Y is pseudocompact.
Theorem 3.5. Let X be a compact metrizable space. If ϕ : Cp(X)→ Cp(Y )
is a uniformly continuous surjection, then Y is compact metrizable.
Proof. SinceX is compact metrizable, it has countable networkweight nw(X).
We have ω = nw(X) = nw(Cp(X)) = nw(Cp(Y )) = nw(Y ) (cf. [21, Prob-
lem 172]) and hence Y is Lindelo¨f. By Corollary 3.3 the space Y is also
pseudocompact so it is compact [21, Problem 138]. Since it has a countable
networkweight, it is metrizable. 
Proposition 3.2 reveals that the Gul’ko support K(y) has a similar feature
of “transferring boundedness” as the usual support suppϕ(y) considered in
the case of linear mappings (see [3, Lemma 2.1]). In the case of linear sur-
jections Arhangel’skii proved in [1] a theorem in the “opposite direction”: If
ϕ : Cp(X)→ Cp(Y ) is a linear continuous surjection and A ⊆ Y is bounded,
then the set suppϕ(A) =
⋃
y∈A suppϕ(y) is bounded too. This theorem has
very important consequences on the behavior of topological properties under
the l-equivalence relation (two spaces X and Y are said to be l-equivalent
provided Cp(X) and Cp(Y ) are linearly homeomorphic). This motivates the
following question.
Question 3.6. Suppose that ϕ : Cp(X)→ Cp(Y ) is a uniformly continuous
surjection and let A ⊆ Y be bounded. Is it true that K(A) =
⋃
y∈AK(y) is
bounded?
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Even the affirmative answer to the following particular case of the above
question may have interesting consequences.
Question 3.7. Suppose that ϕ : Cp(X)→ Cp(Y ) is a uniformly continuous
surjection and let A ⊆ Y be a convergent sequence. Is it true that K(A) =⋃
y∈AK(y) is bounded?
4. Uniformly continuous surjections and dimension
It is known that ifX is compact metrizable strongly countable-dimensional
(zero-dimensional) and if there is a linear continuous surjection from Cp(X)
onto Cp(Y ), then Y has to be strongly countable-dimensional (zero-dimen-
sional), cf. [13], [8]. It is however unclear, whether the same conclusion can
be derived for uniformly continuous surjections, i.e. the following question
is open.
Question 4.1. Let X be a compact metrizable strongly countable-dimensional
(zero-dimensional) space. Suppose that Y is u-dominated by X. Is Y neces-
sarily strongly countable-dimensional (zero-dimensional)?
We will prove that the answer to the above question is affirmative provided
a uniformly continuous surjection between Cp(X) and Cp(Y ) is c-good for
some c > 0, see Definiton 2.3. We have the following.
Theorem 4.2. Let X be a compact metrizable space. Suppose that ϕ :
Cp(X) → Cp(Y ) is a uniformly continuous surjection which is c-good for
some c > 0. Then Y is compact metrizable. Moreover,
(a) if X is zero-dimensional, then Y is zero-dimensional.
(b) If X is strongly countable-dimensional, then Y is strongly countable-
dimensional.
Proof. It follows from Theorem 3.5 that Y is compact metrizable. Let us
prove statements (a) and (b). For a natural number q, denote by [X ]q the
space of all q-element subsets of X endowed with the Vietoris topology. It
was shown by Gul’ko [9] (cf. the proof of Proposition 3.1 in [17]) that there
is a countable family {M(p, q) : p, q ∈ N} of Fσ subsets of Y that covers Y
and for any p, q ∈ N there is a function
Kp : M(p, q)→ [X ]
q,
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whose restriction to any M ⊆ M(p, q) closed in Y , is perfect (cf. [17, Prop-
erty (9)]) with the following property (see [17]):
∀y ∈M(p, q)(1)
sup{|ϕ(f)(y)− ϕ(g)(y)| : f, g ∈ Cp(X), ‖(f − g) ↾ Kp(y)‖ < 1} ≤ p
It follows that for any p, q ∈ N we have M(p, q) =
⋃
m∈NMm(p, q), where
Mm(p, q) ⊆ Y are closed and for each m ∈ N the function Kp ↾ Mm(p, q) is
perfect.
Let us fix p, q and m. We claim that
for any z ∈Mm(p, q) the set {y ∈ Mm(p, q) : Kp(y) = Kp(z)} is finite.(2)
Suppose that this is not the case, i.e. for some z ∈ Mm(p, q) the set A =
{y ∈ Mm(p, q) : Kp(y) = Kp(z)} is infinite. Since Kp is perfect, the set A
is infinite compact metrizable and hence it contains a convergent sequence
(yn)n∈N of distinct points. For n ∈ N, let gn : Y → [0, 2p] be a continuous
function such that
(3) gn(y) =
{
2p if y = yn
0 if y = yk, for k 6= n
It follows from our assumption that, for each n ∈ N, there is fn ∈ Cp(X)
with
ϕ(fn) = gn and ‖fn‖ ≤ c‖gn‖ = 2pc.
It follows that the set F = {fn : n ∈ N} is a subset of the Tychonoff cube
[−2pc, 2pc]X . Since the latter space is compact, the set F has a complete
accumulation point f ∈ [−2pc, 2pc]X . One can find fj , fk ∈ F , j 6= k with
‖(fj − f) ↾ Kp(z)‖ <
1
2
and ‖(fk − f) ↾ Kp(z)‖ <
1
2
. We have ‖(fj − fk) ↾
Kp(z)‖ < 1 and Kp(yj) = Kp(z). Thus
|gj(yj)− gk(yj)| = |ϕ(fj)(yj)− ϕ(fk)(yj)| ≤ p,
by (1). On the other hand, we infer from (3) that |gj(yj)−gk(yj)| = 2p. The
obtained contradiction proves (2).
This means that for any p, q,m ∈ N, the closed mapping Kp ↾ Mm(p, q) :
Mm(p, q)→ [X ]
q is finite-to-one. In particular it has zero-dimensional fibers.
To prove part (a) of the theorem, assume that X is zero-dimensional.
Then [X ]q is zero-dimensional. It follows that Mm(p, q) is zero-dimensional.
Indeed, otherwise Mm(p, q) would contain a nontrivial connected subset C
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(see [6, 6.2.9]). Since [X ]q is zero-dimensional the image of C under the map-
ping Kp ↾ Mm(p, q) is a point which is not possible because Kp ↾ Mm(p, q)
is finite-to-one. Now, Y =
⋃
{Mm(p, q) : m, p, q ∈ N} is zero-dimensional
being a countable union of closed zero-dimensional spaces (see [7, 1.3.1]).
To show (b), assume that X is strongly countable-dimensional. Then [X ]q
is also strongly countable-dimensional. Since the mapping Kp ↾Mm(p, q) has
zero-dimensional fibers, it follows from [7, 5.4.7] that Mm(p, q) is strongly
countable-dimensional. Since Y =
⋃
{Mm(p, q) : m, p, q ∈ N} and each
set Mm(p, q) is closed in Y , we conclude that Y is strongly countable-
dimensional. 
5. On spaces u-dominated by the unit interval
In this section we will prove the main result of the first part of paper (see
Definition 2.4):
Theorem 5.1. For a space X, we have Cp(X) ≺ Cp(I) if and only if X is
compact, metrizable and strongly countable-dimensional.
The “only if” part of this theorem follows easily from Theorem 4.2. To
prove the reverse implication it suffices to use Fact 2.16 and the following
Theorem 5.2. For every compact metrizable space K and every ordinal α
we have Cp(K,K
[α]) ≺ Cp(I).
To prove this theorem we need the following :
Lemma 5.3. Let {Ui}i∈N be a collection of open subsets of K such that
∀i ∈ N clUi+1 ⊂ Ui and U0 = K. Then
Cp(K,K0) ≺ Π
∗
i∈NCp(clUi \ Ui+1)×Π
∗
i∈NCp(bdUi)
where K0 =
⋂
Ui.
Proof. Let us observe that K = K0 ∪
⋃
i∈N clUi \ Ui+1. Using Fact 2.9,
Proposition 2.10, and Corollary 2.11 we obtain:
Cp(K,K0) ≏
≏ Cp(K0 ∪
⋃
i∈N
clUi \ Ui+1, K0 ∪
⋃
i∈N
bdUi)× Cp(K0 ∪
⋃
i∈N
bdUi, K0)
≡ Π∗i∈NCp(clUi \ Ui+1, bdUi+1 ∪ bdUi)×Π
∗
i∈NCp(bdUi)
≺ Π∗i∈NCp(clUi \ Ui+1)×Π
∗
i∈NCp(bdUi) . 
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Another important lemma that will be used in the proof is a particular
case of Theorem 5.2:
Lemma 5.4. For every compact metrizable space K, Cp(K,K
[1]) ≺ Cp(I).
Proof. This lemma is an easy consequence of Lemma 5.3. Indeed, take
{Ui}i∈N a collection of open subsets of K such that clUi ⊂ Ui+1 and K
[1] =⋂
n∈N Ui. Then by Lemma 5.3
Cp(K,K
[1]) ≺ Π∗i∈NCp(clUi \ Ui+1)× Π
∗
i∈NCp(bdUi).
However, it is easy to observe that, for every i ∈ N, the sets clUi \ Ui+1 and
bdUi are finitely dimensional, being compact subsets of I(K), see Definition
2.15. Hence, by Facts 2.9, 2.13, and 2.14 we obtain
Cp(K,K
[1]) ≺ Π∗i∈NCp(I) ≏ Cp(I) . 
Proof of Theorem 5.2. The theorem will be proved by transfinite induction.
The case α = 0 is obvious. For α = 1 the thesis follows from Lemma 5.4. If
α = β + 1 then by Proposition 2.10
Cp(K,K
[α]) ≏ Cp(K,K
[β])× Cp(K
[β], K [α]).
However, from the inductive assumption we obtain that Cp(K,K
[β]) ≺ Cp(I)
and by Lemma 5.4 we have Cp(K
[β], K [α]) ≺ Cp(I). Since Cp(I) ≏ Cp(I) ×
Cp(I) (from Fact 2.13) the proof of inequality Cp(K,K
[α]) ≺ Cp(I) is finished.
Let us assume that α is a limit ordinal. We can assume that α < ω1 be-
cause K has a countable base and therefore the fd-derivative stabilizes after
some countable ordinal as it happens in case of standard Cantor-Benedixson
derivative. Let K [α] =
⋂
i∈NK
[βi] where βi is an increasing sequence of or-
dinals converging to α. Consider a collection {Ui}i∈N of open subsets of K
such that:
(i) U0 = K;
(ii) Ui ⊃ K
[βi];
(iii) Ui ⊃ clUi+1;
(iv)
⋂∞
i=0 Ui = K
[α].
From Lemma 5.3 we obtain:
Cp(K,K
[α]) ≺ Π∗i∈NCp(clUi \ Ui+1)× Π
∗
i∈NCp(bdUi).
Applying Fact 2.17:
(bdUi)
[βi+1] ⊂ (clUi \ Ui+1)
[βi+1] ⊂ K [βi+1] ∩ (clUi \ Ui+1) = ∅.
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Hence, by inductive assumption Cp(clUi \ Ui+1) ≺ Cp(I) and Cp(bdUi) ≺
Cp(I). Facts 2.9, 2.13, and 2.14 give us the desired conclusion
Cp(K,K
[α]) ≺ Π∗i∈NCp(I) ≏ Cp(I). 
From Theorem 5.1 we immediately obtain
Corollary 5.5. Every strongly countable-dimensional compact, metrizable
space K is u-dominated by the unit interval.
6. Uniform homeomorphisms between Cp(X) and Cp(X)× Cp(X)
In this section we will prove the following theorem which partially answers
Question 5.8 from [12].
Theorem 6.1. Let X be an infinite Polish zero-dimensional space. Then we
have Cp(X) ≏ Cp(X)×Cp(X), in particular the spaces Cp(X) and Cp(X)×
Cp(X) are uniformly homeomorphic.
Let us point out that the assumption on zero-dimensionality of X cannot
be dropped in the above theorem, since van Mill, Pelant, and Pol [18] gave
an example of a one-dimensional compact metrizable space M such that
Cp(M) is not uniformly homeomorphic to its square. Also, the assumption
that X is completely metrizable cannot be removed, because Krupski and
Marciszewski proved in [12] that there exists a zero-dimensional subspace B
of the real line with Cp(B) not homeomorphic to its square. We do not know
if Theorem 6.1 holds true for Borel subspaces X of the Cantor set.
Question 6.2. Let X be a Borel subspace of the Cantor set. Are the spaces
Cp(X) and Cp(X)× Cp(X) (linearly, uniformly) homeomorphic? In partic-
ular, what if X is σ-compact?
Recall that a space X is scattered if no nonempty subset A ⊆ X is dense-
in-itself.
The following results for linear homeomorphisms were proved by Baars and
de Groot (part (a) and (b)) [4] and Arhangel’skii (part (c)) [2]. Our version
requires basically the same arguments, but for the reader convenience we
include a short justification.
Proposition 6.3. Let X be a zero-dimensional metrizable space.
(a) if X is uncountable compact, then Cp(X) ≏ Cp(2
ω),
(b) if X is countable and not scattered, then Cp(X) ≏ Cp(Q),
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(c) if X is Polish and not σ-compact, then Cp(X) ≏ Cp(ω
ω).
Proof. (a) First, let us observe that Cp(2
ω) ≏ Π∗i∈NCp(2
ω). Indeed, from the
topological characterization of the Cantor set it follows that it is homeomor-
phic to the one point compactification K of the space N× 2ω. Let ∞ denote
the point at infinity of this compactification. By Corollary 2.12 we have
Cp(2
ω) ≏ Cp(K) ≏ Cp(K,∞) ≏ Π
∗
i∈NCp(2
ω).
It is well-known that X contains a closed copy A of 2ω and 2ω contains a
closed copy B of X . Therefore we can apply Corollary 2.11 and one of the
versions of Decomposition Scheme:
Cp(2
ω) ≏ Π∗i∈NCp(2
ω) ≏ Π∗i∈N[Cp(2
ω, B)× Cp(B)]
≏ Π∗i∈N[Cp(2
ω, B)× Cp(X,A)× Cp(A)]
≏ Π∗i∈NCp(2
ω, B)× Π∗i∈NCp(X,A)×Π
∗
i∈NCp(A)
≏ Cp(X,A)× Π
∗
i∈NCp(2
ω, B)× Π∗i∈NCp(X,A)× Π
∗
i∈NCp(A)
≏ Cp(X,A)× Π
∗
i∈N[Cp(2
ω, B)× Cp(X,A)× Cp(A)]
≏ Cp(X,A)× Π
∗
i∈NCp(2
ω) ≏ Cp(X,A)× Cp(2
ω)
≏ Cp(X,A)× Cp(A) ≏ Cp(X) .
The proof of parts (b) and (c) are very similar. Here, we can use count-
able products instead of Π∗-products since, for Y = Q, ωω, the space Y is
homeomorphic to ω × Y , hence we have Cp(Y ) ≏ (Cp(Y ))
ω. 
Gul’ko proved in [10] that all infinite countable compact spaces are u-
equivalent. However, inspecting his proof one can verify that he actually
proved the following
Theorem 6.4. For every infinite countable compact spaces X and Y , we
have Cp(X) ≏ Cp(Y ).
From this theorem and Proposition 6.3 immediately follows
Corollary 6.5. If X is an infinite zero-dimensional, metrizable compact
space, then Cp(X) ≏ Cp(X)× Cp(X).
Proof of Theorem 6.1.
Case 1. If X is not σ-compact then the desired conclusion follows easily
from Proposition 6.3(c).
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Case 2. If X is σ-compact then it has countable c-height, see Fact 2.19.
We will prove our assertion by induction on ch(X).
We start with X of c-height 1 (X is nonempty), i.e., a locally compact X .
If X is compact then we can apply Corollary 6.5. In the opposite case, since
X is zero-dimensional, we can cover it by a family {Un : n ∈ N} of pairwise
disjoint nonempty open and compact subsets. Some of sets Un can be finite,
and we need to consider three cases. If infinitely many Un are infinite, then
without loss of generality we can assume all of them are infinite (if necessary,
we can assign, in a one-to-one way, to each finite Un an infinite Uk(n), and
replace these two sets by their union). Then by Fact 2.8 and Corollary 6.5
we have
Cp(X) ≏ Πi∈NCp(Un) ≏ Πi∈N[Cp(Un)× Cp(Un)]
≏ Πi∈NCp(Un)×Πi∈NCp(Un) ≏ Cp(X)× Cp(X) .
If only finitely many Un are infinite and X is not discrete, then X is homeo-
morphic to the discrete union of N and some infinite compact space Y . Then
again using Fact 2.8 and Corollary 6.5 we obtain
Cp(X) ≏ Cp(N)× Cp(Y ) ≏ R
N × Cp(Y )
≏ RN × Cp(Y )× R
N × Cp(Y ) ≏ Cp(X)× Cp(X) .
Finally, if X is discrete then Cp(X) = R
X and our conclusion is trivial.
Assume now that ch(X) = α > 1 and the hypothesis of the theorem holds
true for all spaces Y with ch(Y ) < α. Let us begin with more complex case
when α = β + 1, for some countable ordinal β. Then the subspace X
[β]
c is
locally compact.
First, we will consider the case when X
[β]
c is compact. Fix some admissible
metric d on X . Since X is zero-dimensional we can choose a sequence of
clopen subsets Wn of X , n ∈ N, such that
(i) W0 = X ,
(ii) Wn+1 ⊆Wn for n ∈ N,
(iii) X
[β]
c ⊆Wn ⊆ {x ∈ X : d(x,X
[β]
c ) < 1/n} for n ≥ 1.
By condition (iii) we have
⋂
n∈NWn = X
[β]
c . For every n ∈ N put
Vn =Wn \Wn+1 .
The sets Vn are clopen in X , hence they are zero-dimensional, σ-compact
and Polish. If, for some k ∈ N and all n ≥ k, the sets Vn were finite, then
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the set Wk would be compact and open in X , hence disjoint from X
[1]
c , a
contradiction with condition (iii) and the inequality β ≥ 1. Therefore, Vn
are infinite for infinitely many n. Without loss of generality we can assume
that this is the case for all n (if necessary, we can glue any finite Vn with
the first infinite Vk with a greater index). Since Vn are disjoint from X
[β]
c ,
we have ch(Vn) ≤ β, for n ∈ N, see Fact 2.20. Therefore, we can apply our
inductive assumption for all Vn. By Facts 2.8 and 2.9, and Corollaries 2.11
and 6.5 we have
Cp(X) ≏ Cp(X
[β]
c )× Cp(X,X
[β]
c ) ≏ Cp(X
[β]
c )×Π
∗
i∈NCp(Vn)
≏ Cp(X
[β]
c )× Cp(X
[β]
c )× Π
∗
i∈N[Cp(Vn)× Cp(Vn)]
≏ Cp(X
[β]
c )× Π
∗
i∈NCp(Vn)× Cp(X
[β]
c )×Π
∗
i∈NCp(Vn)
≏ Cp(X
[β]
c )× Cp(X,X
[β]
c )× Cp(X
[β]
c )× Cp(X,X
[β]
c )
≏ Cp(X)× Cp(X) .
If X
[β]
c is not compact, since it is zero-dimensional and locally compact,
we can cover it by a family {Un : n ∈ N} of pairwise disjoint nonempty
relatively open and compact subsets of X
[β]
c . Since X
[β]
c is closed in X , for
every n, the union An =
⋃
i 6=n Ui is closed in X . Let V be a cover of X
consisting of pairwise disjoint clopen sets and inscribed into the open cover
{X \An : n ∈ N}. Observe that any element of V can intersect at most one
set Un, and, by compactness, any Un is covered by finitely many elements
of V. Therefore we can divide V into pairwise disjoint finite subfamilies
Vn, n ∈ N, such that the union Vn =
⋃
Vn covers Un. Then the family
{Vn : n ∈ N} is a cover of X consisting of pairwise disjoint clopen sets such
that Un = Vn∩X
[β]
c , for n ∈ N. Clearly, for each n ∈ N we have (Vn)
[β]
c = Un,
hence, by previous case, we have Cp(Vn) ≏ Cp(Vn) × Cp(Vn). It remains to
observe that we can identify Cp(X) with Πi∈NCp(Vn) and use Fact 2.8.
Finally, we consider the case when α = ch(X) is a limit ordinal. Let
{Un : n ∈ N} be a cover of X consisting of pairwise disjoint clopen sets and
inscribed into the open cover {X \ X
[β]
c : β < α}. For each Un we have
ch(Un) < α, see Fact 2.20. Since ch(X) = α, infinitely many Un must be
infinite. Using similar argument as in previous cases we can assume that all
Un are infinite. Therefore, we can identify Cp(X) with Πi∈NCp(Un) and use
our inductive assumption for each Cp(Un). 
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The next corollary gives an affirmative answer to a part of Question 5.7
from [12].
Corollary 6.6. Let X be an infinite countable metrizable space. Then we
have Cp(X) ≏ Cp(X)×Cp(X), in particular the spaces Cp(X) and Cp(X)×
Cp(X) are uniformly homeomorphic.
Proof. X is either scattered, hence completely metrizable, and we can apply
Theorem 6.1, or X is not scattered and Proposition 6.3(b) applies. 
From Theorem 6.1, the above corollary, and another version of Decompo-
sition Scheme immediately follows
Corollary 6.7. Let X0, X1 be zero-dimensional Polish (countable metriz-
able) spaces. Then Cp(X0) is uniformly homeomorphic to Cp(X1) provided
Cp(Xi) is uniformly homeomorphic to Cp(Xi−1) × Ei, for some topological
vector spaces Ei, i = 0, 1.
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